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Eight-directions fuzzy asymmetric division and analysis of its uncer-
tainty conduced by positioning error of reference point
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Abstract:

It is necessary to consider the uncertainty of spatial data and fuzziness of relative conception when discussing the

description of spatial relation and reasoning because of the complexity of direction relation induced by the fuzziness of direction
concept and inherent uncertainty of spatial data. Two fuzzy models are introduced based on classical fuzzy set. In 4-directions
fuzzy model the space is divided into four cardinal directions and each direction has equal angle, but each main cardinal direc-

tion has 60° and each secondary cardinal direction has 30° in 8- directions fuzzy asymmetric model. Extended 8-directions fuzzy

asymmetric model is introduced based on interval type-2 fuzzy sets which takes the positioning error of reference point into ac-

count. The primary membership function and the uncertainty of primary membership grade is discussed too. The difference be-

tween this model and the cone-based model is comparatively analyzed. Two cases are provided in the last. The first case is used
to analysis the attributes of 8- directions fuzzy asymmetric model and the second case shows the process of determining the
direction relation between point with positioning error and polygon.
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1 INTRODUCTION

Qualitative direction relation representation and reasoning is
important in geographical information science and artificial
intelligence, and plentiful harvest have been producted in this
field. Nowadays the existing direction models are cone-based
model, minimum enclosing rectangle model (MBR), 2-D string
model, Freksa-Zimmermann model, direction relation matrix
model and voronio model (Guo et al., 2006; Du et al., 2007).
Fuzzy set theory, rough set theory and probability theory were
used in qualitative direction relation analysis by many re-
searchers (Papadias et al., 1999; Du et al., 2004, 2005; Cao et
al., 2001; Goyal, 2000; Du and Wang, 2004; Liu, 2008). Quali-
tative direction relation representation and reasoning were af-
fected by many factors. Lots of faults exist in this field:

(1) Some models are not fuzzy and not consisted with hu-
man concept, but the direction concepts are fuzziness, the test
finished by Jin et al. (2009) has proved it.

(2) Some models like cone-based model, MBR divide the
space by crisp style, and the translation between direction tiles
are crisp. Some papers use an interval band as the translation
band or fuzzy interval, and this is a subjective method.

(3) The membership grade in inner of tile can’t be expressed
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very well.

(4) The membership functions for each tile are invalid. The
membership value should have error since the inherent posi-
tioning error of spatial data. This type of error should have
relation with distance between reference object and target
object. However it was not discussed until now.

(5) Representation of direction relation between geographi-
cal objects wasn’t coincident with human concept in existing
models.

The 8-direction fuzzy asymmetric model (DFAM) is intro-
duced based on fuzzy set theory when the positioning error of
reference point wasn’t taken into account. Then the extended
8-direnctions fuzzy asymmetric model (EDFAM) is proposed
based on interval type-2 fuzzy set, which can express the mem-
bership grade error and use that type of error in reasoning. The
process of building primary membership function is discussed in
detail, and the attributes of EDMF are drastic analyzed.

2 FUZZY DIVISION OF SPACE WHILE DON’T
CONSIDE POSITIONING ERROR OF REFERENCT
POINT

The existing 4-directions cone-based model has little con-
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nection with 8-directions model. 8-directions models are based
on 4-directions models as human direction concept, so the
space can be divided into 16 tiles or 32 tiles.

2.1 4-directions fuzzy division

The 4-directions fuzzy partition method is showed as Fig.1(a)
(Guo et al., 2006). Membership functions of each tile are
showed as Fig.1(b), the membership function of north (N) can
expressed as Eq. (1), and membership functions of direction
east (E), south (S), west (W) can built with the same method.
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Fig. 1 4-directions fuzzy division in space

(a) 4 tiles; (b) Membership functions of each tile

Use those four functions, the partition angles between N, E,

S, W are %, %n ,én and %n , and the membership value of

those angles is 0.5. The membership value of any angle in in-
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can calculated by direction membership functions.

2.2 8-directions fuzzy division

Jin (2009) expressed the transitional part between four main
tiles by truth-value gap. The primary direction N contains 60°,
and the transitional part contains 30°. It means that each tile in
8-directions model should be unequal, and direction northeast
(NE), southeast (SE), southwest (SW) and northwest (NW)
should be transitional parts between primary direction N, E, S
and W. So we could consider that the 8-directions model is the
result of peaking transitional parts. Calculate the intersection of
two adjacent directions and peak the intersection, then we can
get the membership functions of NE, SE, SW and NW as

png (0)=2x A(uns g ) g (0) = 2% A(uts, i) » Hsw (6) =

2xA(us.ttyy ) s tnw (0) =2xA(un, 1y ) » the membership
function of NE can expressed as Eq. (2).
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We can get the division angle of N and NE by use their
membership functions, and other division angle can be calcu-
lated by this method, showed as Table 1. The membership value
of each division angle is 0.67, this model divide space like
Fig.2.

Table 1 8-directions fuzzy interval division

N NE E SE S SW w NW
n 11 n T w2 2 5 5 7 7 4 4 5 5 11
Interval 0,—|,| —n2n - —,—T —T,—T T,— —T,—T T,—T —n,—T
6 6 63 33 3°6 6 6 6 3 373 3°6
Angle/(°) 60 30 60 30 60 30 60 30

In Eq.(3), AB,Ce{NNEE,SES,SW,WNW!,A#B=C,

w4 NE o SW '
LOOKA ARAA AR, Ho €[067 1]
067 PRI R R This division method is fuzziness base on membership grade,
t ?_; n %x g and each direction N, E, S and W has 60° while direction NE,
SE, SW and NW has 30° respectively, so it isn’t a crisp model.
The station of direction N, E, S and W come into prominence,
(b) so this model coincident with human cognition. The cognition

Fig. 2 8-directions fuzzy division in space
(a) 8 tiles; (b) Membership functions of each tile

The method of determining which direction of the angle be-
longs to is simple. We first calculate the membership value of
angle in 8 directions, and then use Eq. (3) to determine the di-
rection of this angle.

tg =max(ua(0), ug(0), wc(0)) (3)

test about direction concept (Jin et al., 2009) has proved this
model, and it was called DFAM in this paper.

3 ANALYZE THE UNCERTAINTY OF 8-DIREC-
TIONS FUZZY ASYMMETRIC MODEL

The membership value of any angle should have error for
the inherent positioning error. In this section the uncertainty of
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DFAM is analyzed based on interval type-2 fuzzy set theory.

3.1 Calculating the angle deviation

The error of spatial vector data has different attributes since
different data sources in GIS. All types of error can be classi-
fied into two types: measureable and non-metric error. Support
that the error of 2- dimension point follows norm distribution
and the positioning error can be expressed by error eclipse in
this paper. Use reference point as centre to draw a circle, and
the radius of this circle is determined by scale, so this circle is
called as basic circle. The deviation of angle @ can be expressed
by the distance between two tangents of eclipse, as showed by
Fig.3 (a). Those two tangents intersect with the basic circle, and
then we can get a short arc. The corresponding angle of this arc
is the angle deviation of reference point in direction &, and 6k,
6\e, O are the corresponding angle deviation of reference point
in directions N, NE, E in Fig.2(a).
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Fig. 3 Direction error of reference point
(a) Calculation of deviation of angle; (b) Distance between two parallel lines

Rotate the eclipse by the reference point and angle —6,, as
showed by Fig.3 (b), the corresponding angle of & is 6'=
6-6, in Fig.3 (b), and the slope is K=tan(8 ). So the rotated
eclipse can be expressed as:
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And the slope of any point in this eclipse can be calculated
by Eq. (5):

-1 4)
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Let K=K’, two tangent points t; and t, are calculated by Eq.
(4) and Eq. (5):

)
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We can get two parallel lines by K’, t; and t,, which can be
expressed as:
Lh: y=K X(X—th)+ Y,

: ®)
L: y=K x(x—xt2)+yt2

The distance between I and l, is

:‘K'X(th _Xt1)+ Yi, = Wy,

1+(|<')2

projecting t; and t, to the base circle, and the length of the arc

dy . We can get an arc ’@ by
can be approximately expressed by the central angle.

3.2 Analyze the uncertainty of direction membership
function

The positioning error in any direction & follows the normal
distribution, and the variance is dy/2, so the angle deviation
follows normal distribution and corresponding variance is 7/2,

here dy ~74 Fig.4 (a) shows the probability distribution of
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u(d)
pdd)

(b)

ME S

Fig. 4 Type-2 fuzzy set and interval type-2 fuzzy set for east

(a) Type-2 fuzzy set for east; (b) Interval type-2 fuzzy set for east
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membership grade of direction E. It has a same membership
grade uy for any angle @ in angle interval [G-7, /2, G+7y /2],
but the membership value of 1 is a normal function. Map this
figure to the horizontal plane, and we can get Fig. 4(b). Fig. 4(b)
shows that the membership grade for an angle in fuzzy direc-
tion tile E is not a single value but a membership interval [z4(6),
()], so it means the membership grade has error. Use a ver-
tical plane with x-axis perpendicular to intersect with the
surface in Fig. 4(a), then can get a curve. This curve is the sec-
ondary membership function.

The type- 2 fuzzy set was introduced by control theory ex-
pert L. A. Zadeh for handing uncertainty of membership grade
at 1976, and was successfully applied in biology, communica-
tion engineering, finance, automation and so on. Mendel and
John (2002) defined type- 2 fuzzy set and measurement of un-
certainty of it. Type-2 fuzzy set include generalize type-2 fuzzy
set and interval type-2 fuzzy set (Chen & Sun, 2005). The curve
which is gained in last segment is the secondary membership
function. And it means that this fuzzy set is a generalize type-2
fuzzy set apparently. The polygon is the uncertainty zone of it
in Fig4 (b). Fig.6 shows that this model is different from
DFAM. It is called extended 8-directions fuzzy asymmetric
model (EDFAM) in this paper.

Just as showed by frontal analysis, the secondary member-
ship function of any azimuth angle is a complex curve, and it is
difficult to express by an accurate equation. The generalize
type-2 fuzzy set is very sophisticated for calculation, and there
isn’t an acknowledged method for solving this question. There
are two simple ways for approximate result: (a) Discretise the
primary and secondary membership function at the same time
(Coupland & John 2008a, 2008b; Mendel, 2001). (b) Convert
the generalize type-2 fuzzy set to interval type-2 fuzzy set, and
then discretise the primary membership function (Mendel &
Wu, 2005; Greenfield et al., 2009; Coupland & John, 2006).
The first way is selected in this paper because we focus on the
direction membership error. The footprint of uncertainty (FOU)
is used to express the uncertainty of interval type-2 fuzzy set,
and it is the union of all primary membership value, so it is the
area between upper membership function (UMF) and lower
membership function (LMF). The UMF and LMF are type-1
fuzzy membership functions.

The UMF of direction N could be determined by Eq. (9) and
Eq. (10), and LMF could be determined by Eq. (11) and Eqg.
(12). The membership value of UMF equal to 1 while

T
——I<o< =+ 72 , and this angle interval is called as left

and right shoulder. The membership value of LMF is 0 while
—d—oﬁﬁﬁd—o andn—%‘gégn-rd—“, and called by left

or right foot respectively.
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The uncertainty of membership value of any angle & be-
longing to direction N can be calculated by using UMF to mi-
nus LMF, expressed as Eq. (13).
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6), V<<
,ULT( ) 5 5
d g
0)-up(0), L<o<Z__2
ﬂLT( ) :uLB( ) b 2 2
dT[
l_ﬂLB(g)’ E—igagﬁ
U= 2 2 dz (13)
T
T T 5
1- 6), —<O<—+-2
#zs(0) 2 2 2
dy ;
T
0)- 9), —+2<f<n-=X
et (0) = trp (0) 2+2 T >
ﬂRT(Q)’ n—%§9§n+d7“

Extend this method to other directions N, NE, E, SE, S, SW,
W, NW and we can get the UMF and LMF of each direction tile,
then calculate the union of these eight interval type-2 fuzzy sets.
The membership and uncertainty is showed as Fig. 6.

3.3 Determine the direction relation between referent
point and target

The center of gravity of FOU is calculated directly to deter-
mine direction relation if the weight of target in each tiles is not
considered. The FOU should be divided into several parts ac-
cording to atom tiles when the weight is considered, and then
some interval type-2 fuzzy sets in each atom tile can be got.
The center of each interval type-2 fuzzy set can be calculated

by KM algorithm. The result is an interval[c, (A),CIr (A)J , SO

the center is expressed as:

c(A)—CI(A);Cr(A) (14

The lower membership value of the center of gravity

is 5™ (c) , and the upper membership value of it is 45 ™" (c) .

The uncertainty of EDFAM can be measured by three
quanta.
Membership value error:

Ea(ﬂ):ﬂUMF(a)—ﬂLMF(a) 15)

Direction center error:

g(c) ="t (16)
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Membership value error of direction center:

o (1) = 1™ () - 5™ (c) (7)

Goyal (2000) proposed the percentage of area of target in

each direction could be used as weight to denote the direction
relation.

_area(0,NB)

area(B) (1%

Po

6 € {N,NE,E,SE,S,SW,W,NW} , “area” represents the area

if the target is surface and “area” represents the length while it
is line.

When the weight p, of target in each tile is considered, then
multiply the LMF and UMF of each center by pg respectively.
A new interval type-2 fuzzy set can be created. Use the KM
algorithm to get the center and membership value of this center
of the new interval type-2 fuzzy set.

3.4 Compare the EDFAM with cone-based model

The EDFAM model has some similarity with the cone-based
model, and the differences between them are as follows:

(1) There are several types of 8-direction cone-based model,
but all of them are equal division and each tile has equal angel
in these models. EDFAM isn’t equal division, and each main
direction has about 60 degrees and each secondary direction has
about 30 degrees, so this model conform human cognition.

(2) The 4-directions and 8-directions cone-based model ha-
ven’t hierarchy, but the model proposed by this paper can
translate from 8-directions model to 4-directions model easily,
and it has hierarchy.

(3) The cone-based model has some properties like transitiv-
ity, reflectivity, integrality, relativity and equalization, but ED-
FAM doesn’t have equalization property.

(4) EDFAM considers the positional error of reference point,
but the other model doesn’t consider it.

(5) EDFAM is more complex than the cone-based model.

4 CASES ANALYSIS

In this section two cases are proposed. The first case is used
for analyzing characters of the extended 8-directions fuzzy
asymmetric model, and the second one is used for describing
the progress of determining direction relation between point
and polygon.

4.1 Case 1: characters analysis

There is a line AB and a point P in Fig.5. Let the covariance

. 291 1.25] , 391 0
error matrix are D=0, D, = m, D;=

1.25 1.71 0 391
) 1.73 1.24| , 8.65 325| ,
m-, Dy= m~, Ds= m~ and the
1.24 4381 325 471

radius of the base circle is 20m, and direction relations between
line and reference point are showed in Fig.6(a), (b), (¢), (d) and
(e) respectively.

Some characters can be induced from Table 2 and Fig.6:

Membership grade Membership grade Membership grade Membership grade

Membership grade

Fig. 5 Fuzzy direction relations between point and line
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Fig. 6 Comparison of direction membership error
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Table 2 Comparison analysis of line’s direction membership error

Positioni Angle 0.17 0.52 0.79 1.05 1.16
ositioning - L
error Direction N Division NE Division
angle angle
min 0.8919  0.6670 1.0000 0.6670 0.7387
D, max 0.8919  0.6670 1.0000 0.6670 0.7387
error 0 0 0 0 0
min 0.8440  0.6668 0.9323 0.6668 0.7074
D, max 0.9439  0.7419 1.0000 0.7279 0.7709
error 0.0999  0.0751 0.0677 0.0610 0.0634
min 0.8288 0.6668 0.8741 0.6668 0.6755
D; max 0.9547  0.7926 1.0000 0.7926 0.8014
error 0.1259  0.1257 0.1259 0.1257 0.1259
min 0.8549  0.6668 0.9040 0.6668 0.6828
D, max 0.9307 0.7454 1.0000 0.7704 0.8004
error 0.0758  0.0785 0.0960 0.1035 0.1177
min 0.8107 0.6668 0.8746 0.6668 0.6844
Ds max 0.9845 0.7973 1.0000 0.7760 0.7950
error 0.1738  0.1305 0.1254 0.1092 0.1106

(1) EDFAM is not equal division for space. Each main di-
rection N, E, S and W has 60° and each secondary direction NE,
SE, SW, and NW has 30°.

(2) The membership grade error of secondary directions is
larger than that of main directions, so it means that the secon-
dary directions are vaguer than main directions. This result is
consistent with the result of method based on fuzzy entropy.

(3) The positioning error of reference point increase the un-
certainty of direction relation, but this increased error is objec-
tively exists. It means that the extended 8-directions fuzzy
asymmetric model can objectively describe fuzzy direction
relation.

(4) The direction membership grade error will increase if the
positioning error of reference point increase, but the uncertainty
of secondary directions increases seriously than that of main
directions.

(5) The direction membership grade error of any angle is
symmetry while ooy, namely &/ (1)=€qi-(11), but )=
el )= £ (1) =€anlp)= £a+3£(,u) whileox=0;. The mem-

2 2
bership grade error of main directions is smaller than that of
secondary directions, because the secondary directions are tran-
sitional partition of primary directions, so they should fuzzier
than primary directions. The membership grade error of each
direction equal to 0 when 6;=06,=0.

In this table min means minimal membership value, max
means maximal membership value, and error means member-
ship value error.

4.2 Case 2: determine the direction relation between
reference point with positioning error and polygon

The covariance error matrix of reference point A is

{10.91 3.25

A=

m? and the radius of base circle is 20m in
325 471

Fig.7, and polygon B is the target object. The process of calcu-
lating the direction relation between A and B is showed in Table
3. The direction relation between A and B can be determined
after getting the direction center CS based on Table 1, and the

uncertainty of the direction relation can be described by Eq.
(15)—Eq. (17).

Fig. 7 Direction relationship between reference point with position
error and complex objects

Table 3 Direction relationship reasoning between reference point
with position error and polygon

Sy S, S
Direction N NE E
Start angle 0.1047 0.5236 1.0472
End angle 0.5236 1.0472 1.6581
Area 12718.087 19269.955 45874.891
Area weight py 0.1633 0.2475 0.5892
¢ 0.2914 0.7631 1.3522
c 0.3076 0.8042 1.3824
c 0.2995 0.7837 1.3673
#6(C) 0.8052 0.9049 0.8732
w5 (c) 0.7400 0.8098 0.7643
w5 (c) 0.8704 1.0000 0.9821
Py X ty(C) 0.1315 0.2240 0.5145
po x 15™" (c) 0.1209 0.2004 0.4503
po < 15 ™" (c) 0.1422 0.2475 0.5786
CL 1.0146
cs 1.0543
CR 1.0939

5 CONCLUSION

Qualitative direction relation representation and reasoning is
complex because of the vagueness, hierarchy of concept of
direction and uncertainty of spatial data, but existing models
use sample methods to describe and reason direction relation.
The 8-directions fuzzy asymmetric model (DFAM) is intro-
duced at first. The positioning error of reference point should be
considered in direction relation description and reasoning be-
cause this type of error affects the result directly. The member-
ship grade error is calculated based on positioning error of ref-
erence point. The extended 8-directions fuzzy asymmetric
model (EDFAM) is developed which takes the positioning error
of reference point and vagueness of direction concept based on
interval type-2 fuzzy set into account, and the method to ana-
lyze the direction relation between point and polygon is devel-
oped too.
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The methods to model fuzzy object usually contain some
subjective factors under certain degree in classical fuzzy set
applications. The membership grade error can be described by
type-2 fuzzy set, so it is more objective than classical fuzzy set.
The generalize type-2 fuzzy set is computational complexity,
but the interval type-2 fuzzy set can reduce the computational
complexity. So the interval type-2 fuzzy set is more suitable for
modeling fuzzy object or describing direction relation.
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